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Abstract
In this paper, we give the spherical characterization of a regular curve in 3-dimensional Sasakian space. Furthermore the differ-
ential equation which expresses the mentioned characterization is solved.
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1. Introduction
The Legendre curves are very important in the study of contact manifolds. In the contact manifolds, a diffeomor-
phism is a contact transformation if and only if any Legendre curves in a domain of it go to Legendre curves [1].
In a 3-dimensional Sasakian manifold, the Legendre curves are studied by Baikousis and Blair who gave the Frenet
3-frame in this space [1]. Belkhelfa et al. [2] have given the Frenet 3-frame in 3-dimensional Lorentzian Sasakian
spaces. In this study, we will focus on some special Legendre curves in 3-dimensional Lorentzian Sasakian spaces.
It is well known that a curve in 3-dimensional Euclidean space is spherical if and only if
1
k1
k2 +
[
1
k1
(
1
k2
)′]′
= 0 (k1 = 0, k2 = 0)
where k1 and k2 are its first and second curvature functions, respectively. The integral form of the above equation was
given in [4] as
1
k1
= A cos
(∫
k2(s) ds
)
+B sin
(∫
k2(s) ds
)
.
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the differential equation which expresses the mentioned characterization is solved by a similar way given in Ilarslan
et al. [5].
2. Preliminaries
If a (2n + 1)-dimensional differentiable manifold M carries a global differential 1-form η such that
η ∧ (dη)n = 0
everywhere on M , it is called a contact manifold and η is called a contact structure [2,3]. It is well known that there
exists a unique vector field ξ such that η(ξ) = 1 and dη(X, ξ) = 0. Unique vector field ξ is called a characteristic
vector field of η. D is said to be a contact distribution given by [1]
D = {X ∈ χ(M): η(X) = 0}.
We know that the maximum dimension of integral submanifold is only n for a contact manifold. A 1-dimensional
integral submanifold is called a Legendre curve, which is necessary for avoiding the confusion with an integral curve
of the vector field ξ . When φ,η and ξ are of type (1,1), (0,1) and (1,0), respectively, satisfying that
φ2X = −X + η(X)ξ
and η(ξ) = 1, then (φ, η, ξ) is called an almost contact manifold on M . Belkhelfa et al. [2] have defined an almost
contact manifold, contact manifold and Sasakian manifold in Lorentzian manifold. Let M be a (2n + 1)-dimensional
differentiable manifold. In this case, (M,φ, ξ, η, g, ε) is called an almost contact metric manifold if (φ, ξ, η) is an
almost contact structure on M and there exists a metric g such that
g(φX,φY ) = g(X,Y ) − εη(X)η(Y )
where g(ξ, ξ) = ε = ±1. When ε = 1 and ε = −1, then g is a Riemannian and Lorentzian metric, respectively. So we
can say that (φ, ξ, η, g, ε) is a contact metric structure on M if it is an almost contact metric structure on M under the
condition dη(X,Y ) = εg(X,φY ) [2]. It is well know that every contact metric manifold is a contact manifold [3].
Let M be a (2n+1)-dimensional almost contact manifold with almost contact structure (φ, ξ, η). We define a linear
map J on the tangent space of M × R by
J
(
X,f
d
dt
)
=
(
φX − f ξ,η(X) d
dt
)
where X is a vector field in χ(M), t ∈ R and f is a real volume function. Then we have J 2 = −I . J is said to be an
almost complex structure on M × R. J is said to be integrable if its Nijenhuis torsion NJ vanishes, where
NJ = −[X,Y ] + [JX,JY ] − J [JX,Y ] − J [X,JY ].
J is integrable if and only if NJ ≡ 0. It is well known that the almost contact structure (φ, ξ, η) is normal if and only
if N1 ≡ 0, where
N1(X,Y ) = Nφ(X,Y ) + 2dη(X,Y )ξ.
A (2n + 1)-dimensional manifold M is said to be a Sasakian manifold if it is endowed with a normal contact metric
structure (φ, ξ, η, g, ε). It is well known that M is a Sasakian structure if and only if [2,3,6]
(∇Xφ)Y = εg(X,Y ) − η(Y )X.
In a 3-dimensional Sasakian space M , the sphere defines that H 21 ∪ S21 where
H 21 =
{
P ∈ M: g(P,P ) = −r2}
and
S21 =
{
P ∈ M: g(P,P ) = r2}.
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γ : I ⊂ R → En
with (I, γ ) coordinate neighborhood, and its ith curvature ki
ki : I → R, i = 1,2, . . . , n,
s → ki(s) = g
(
V ′i , Vi+1
)
, kn−1 = 0,
where {V1,V2, . . . , Vn} is a Frenet n-frame of the curve γ [5].
3. Spherical characterization of regular curves in 3-dimensional Sasakian space
Theorem 1. (See [1,2].) Let M be a 3-dimensional manifold endowed with the contact metric structure (φ, ξ, η, g, ε).
Then M is a Sasakian manifold if and only if the torsion of its Legendre curves is ε. Now let γ be an arc-length
parametrized curve on M . Then the Frenet equations of γ can be given partially by
∇V1V1 = V2,
∇V1V2 = −V1 + εV3,
∇V1V3 = −V2,
where V1 = γ ′, V2 = φ(γ ′) and V3 = ξ .
Theorem 2. Let U be a Legendre curve with (I, γ ) coordinate neighborhood in (M,φ, ξ, η, g, ε) 3-dimensional
Sasakian space. If its Frenet 3-frame at γ (s) is {V1 = γ ′,V2 = φγ ′,V3 = ξ}, then the center of osculating sphere of U
at the point γ (s) is given by
a(s) = γ (s) +m2V2 + m3V3
where
m2 = 1

, m3 = m′2.
Proof. Let us take (I, γ ) coordinate neighborhood and arc parameter as s for the Legendre curve U . Let a(s) be the
center of a sphere having three common neighbor points with U and r be its radius. Let us consider its function as
follows:
f : I → R,
s → f (s) = g(a(s) − γ (s), a(s) − γ (s))= ±r2.
In order to have four common neighbor points
H 21 ∪ S21 =
{
P ∈ M: g(P,P ) = ±r2}
and the Legendre curve U we should supply the following equations:
f (s) = f ′(s) = f ′′(s) = f ′′′(s) = 0.
If f (s) = 0 we differentiate the equation
g
(
a(s) − γ (s), a(s) − γ (s))= ±r2
with respect to s and we get
g
(
V1, a(s) − γ (s)
)= 0. (1)
Taking the derivative of Eq. (1) with respect to s we have
g
(∇V1V1, a(s) − γ (s))− g(V1,V1) = 0.
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g
(
V2, a(s) − γ (s)
)= 1. (2)
Since a(s) − γ (s) ∈ sp{V1,V2,V3}, we obtain
a(s) − γ (s) = m1V1 +m2V2 + m3V3, (3)
and from (2), (3), we have
m2 = 1

. (4)
In view of (1) and (3) we get m1 = 0. From (2), the derivation gives us
 ′m2 + m3 = 0.
From (4), we obtain
m3 = − 
′
2
= m′2
and
m3 = m′2 (5)
which completes the proof. 
Theorem 3. Let H 21 ∪ S21 be a contact sphere centered origin and a Legendre curve U on H 21 ∪ S21 be given. In this
case, if a coordinate neighborhood for U is (I, γ ) and its arc-length parameter is s ∈ I , then the following equations
are valid
−m1 = g
(
γ (s),V1
)= 0, −m2 = g(γ (s),V2) and −m3 = εg(γ (s),V3)
where V1 = γ ′, V2 = φγ ′, V3 = ξ .
Proof. Let the radius of H 21 ∪ S21 be r . Since γ (s) ∈ H 21 ∪ S21 for all s ∈ I , we can write
g
(
γ (s), γ (s)
)= ±r2.
Differentiating the above equation we have
g
(
V1, γ (s)
)= 0. (6)
Now if we differentiate (6) then we obtain
g
(
V2, γ (s)
)+ 1 = 0.
Hence using (3), we have
−m2 = g
(
γ (s),V2
)
. (7)
If we differentiate (7), we get
−m′2 = −g
(
V1, γ (s)
)+ εg(γ (s),V3)
or
−m′2 = εg
(
γ (s),V3
)
and using (5), we obtain
−m3 = εg
(
γ (s),V3
)
,
which completes the proof of the theorem. 
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coordinate neighborhood (I, γ ), then contact osculating sphere of the Legendre curve U is H 21 ∪ S21 , for all s ∈ I .
Proof. From (3) and m1 = 0, we get
a(s) = γ (s) +m2V2 + m3V3
and using Theorem 3, we have
a(s) = γ (s) − g(γ (s),V2)V2 − εg(γ (s),V3)V3. (8)
If
γ (s) = λ1V1 + λ2V2 + λ3V3
then we obtain
λ1 = 0, λ2 = g
(
γ (s),V2
)
, λ3 = εg
(
γ (s),V3
)
so, we get
γ (s) = g(γ (s),V2)V2 + εg(γ (s),V3)V3. (9)
In view of (8) and (9), we have
a(s) = γ (s) − γ (s) = 0
which completes the proof. Also we note that this theorem is a consequence of Theorem 2. 
Theorem 5. Let U be a Legendre curve with coordinate neighborhood (I, γ ) in (M,φ, ξ, η, g, ε) 3-dimensional
Sasakian space. Let us suppose that if g(ξ, ξ) = 1, then m3 = 0 and if g(ξ, ξ) = −1 then m3 = ce±s and m2 = ce±s .
The radius of contact osculating sphere is constant, for all s ∈ I if and only if the centers of contact osculating spheres
are the same constants.
Proof. Assume that the radius of contact osculating sphere is constant. Then from Theorem 2, we can write
a(s) − γ (s) = m2V2 + m3V3 (10)
and the equation
g
(
a(s) − γ (s), a(s) − γ (s))= ±r2
gives us
m22 + εm23 = ±r2, (11)
where ε = ±1. The derivation of (11) gives us
m2m
′
2 + εm3m′3 = 0,
because the radius is constant. Then using the value of (5) in the above equation, we get
m2 + εm′3 = 0. (12)
On the other hand, differentiating (10), and using Theorem 1, (4) and (5), we get
∇γ ′a(s) = ε
(
m2 + εm′3
)
V3. (13)
By using (12) in (13), we obtain
∇γ ′a(s) = 0.
Hence a(s) is constant for all s ∈ I .
Conversely, let a(s) be constant for all s ∈ I . Hence, we get ∇γ ′a(s) = 0 for all s ∈ I . From (13), we get
m2 + εm′3 = 0. (14)
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m2m
′
2 + εm3m′3 = ±r
dr
ds
and from (5), we obtain
m3
(
m2 + εm′3
)= ±r dr
ds
.
Using Eq. (14), we get
r
dr
ds
= 0.
This means that r(s) = 0 or dr(s)
ds
= 0. Since r(s) = 0, we can write dr(s)
ds
= 0. Hence r(s) is constant for all s ∈ I .
Hence the proof is completed. Furthermore, we note that this theorem is a corollary of Theorem 2. 
Theorem 6. Let U be a Legendre curve with coordinate neighborhood (I, γ ) in (M,φ, ξ, η, g, ε) 3-dimensional
Sasakian space. Suppose that if g(ξ, ξ) = 1, then m3 = 0 and if g(ξ, ξ) = −1 then m3 = ce±s and m2 = ce±s . In this
case, the Legendre curve is a spherical curve if and only if the centers of contact osculating spheres for all s ∈ I at
the points γ (s) are the same point.
Proof. Suppose that U is a spherical Legendre curve in M . From Theorem 4, the proof is clear.
Conversely, if the centers of contact osculating spheres for all S ∈ I are the constant point b, then we can say from
Theorem 5 that the radii of contact osculating spheres are also the same constant r . Therefore for all γ (s) ∈ U , we
can write
g
(
b(s) − γ (s), b(s) − γ (s))= ±r2.
Thus the Legendre curve γ is a curve on sphere which center is b. 
Theorem 7. Let U be a Legendre curve with coordinate neighborhood (I, γ ) in (M,φ, ξ, η, g, ε) 3-dimensional
Sasakian space. Let us suppose that if g(ξ, ξ) = 1, then m3 = 0 and if g(ξ, ξ) = −1 then m3 = ce±s and m2 = ce±s .
In this case, a Legendre curve U ⊂ M is a spherical curve if and only if (14) holds.
Proof. Let the Legendre curve U ⊂ M be a spherical curve. From Theorem 6, the centers of contact osculating
spheres are constant for all s ∈ I . From Theorem 6, we can write
∇γ ′a(s) = ε
(
m2 + εm′3
)
V3 = 0
and we have
m2 + εm′3 = 0.
Conversely, let m2 + εm′3 = 0. We will show that the Legendre curve U ⊂ M is a spherical curve. Using (13), we can
write
∇γ ′a(s) = 0.
So a(s) is constant for all s ∈ I . Hence from Theorem 6, the Legendre curve U ⊂ M is a spherical curve. 
Integration of Eq. (14). In view of (5) and (14), we get
m′′2 + εm2 = 0. (15)
Here if ε = g(ξ, ξ) = 1 then m3 = 0 and if ε = g(ξ, ξ) = −1 then m3 = ce±s and m2 = ce±s . If ε = 1 then from (15),
we have
m2 = A1 cos s + B1 sin s. (16)
If ε = −1 then from (15), we get
m2 = A1 cosh s +B1 sinh s. (17)
Because of m3 = ce±s and m2 = ce±s , we can write A1 = ±B1.
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We can take the standard coordinates (x, y, z) = (x1, x2, x3) and the contact structure η = 12 (dz− y dx) on R3. So
we get dη = 12 dx ∧ dy. If we take ξ = 2 ∂∂z then we have η(ξ) = 1 and dη(., ξ) = 0. So, ξ is a characteristic vector
field. It is defined by φ the matrix[ 0 ε 0
−ε 0 0
0 εy 0
]
with respect to standard basis of R3, where ε = ±1. In this case φ is (1,1) type tensor. So we can easily see that
φ2X = −X + η(X)ξ . In this space, Riemannian or Lorentzian metric is defined by
g = 1
4
(
(dx)2 + (dy)2)+ εη ⊗ η.
We can see that the matrix of components of g is
1
4
⎡
⎣1 + εy
2 0 −εy
0 1 0
−εy 0 ε
⎤
⎦
with respect to standard basis of R3. In this case, we obtain η(X) = εg(X, ξ) and dη(X,Y ) = εg(X,φY ). It is well
know that (R3, φ, ξ, η, g, ε) is a 3-dimensional Sasakian space [2]. In this space standard basis is not orthonormal.
If it is defined that the new base is
ϕ =
{
e1 = 2
(
∂
∂x
+ y ∂
∂z
)
, e2 = 2 ∂
∂y
, e3 = ξ = 2 ∂
∂z
}
(18)
where η(e1) = η(e2) = 0 and η(e3) = 1, then it is orthonormal. In this case, we can see
φe2 = εe1, φe1 = −εe2, φe3 = φξ = 0 (19)
and
−∇e2e1 = ξ = ∇e1e2, ∇ξ e2 = ∇e2ξ = e1, ∇ξ e1 = ∇e1ξ = −εe2 (20)
(see Ref. [2]). We know that sectional curvature of all plane sections orthogonal to ξ is equal to −3ε. So it is noted
(R3, φ, ξ, η, g, ε) by R3(−3ε) [2]. If X = (x, y, z) ∈ R3(−3ε) points in contact sphere which radius is r , then we
have g(X,X) = ±r2. If we calculate g(X,X), we obtain
x2 + y2 + εz2 + εx2y2 − 2εxyz = ±(2r)2. (21)
This equation is a general equation of contact sphere in R3(−3ε).
Let
γ : I → R3(−3ε),
s → γ (s) = (x(s), y(s), z(s))
be a Legendre curve in R3(−3ε), parametrized by arc-length. If we differentiate the above curve along the arc-length
parameter, we get
γ ′(s) = x′(s) ∂
∂x
+ y′(s) ∂
∂y
+ z′(s) ∂
∂z
. (22)
From (18), we have
∂
∂x
= 1
2
(e1 − yξ), ∂
∂y
= 1
2
e2,
∂
∂z
= 1
2
ξ (23)
and in view of (22) and (23), we obtain
γ ′(s) = x′(s)1 (e1 − yξ)+ y′(s)1e2 + z′(s)1ξ2 2 2
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γ ′(s) = 1
2
(
y′e2 + x′e1 + [z′ − yx′]ξ
)
. (24)
Since the curve is a Legendre curve, then η(γ ′) = 0. From (24), we get [2]
η(γ ′) = 1
2
(
x′η(e1) + y′η(e2)[z′ − yx′]η(ξ)
)
and
z′ − yx′ = 0. (25)
Let γ (s) = (x(s), y(s), z(s)) be a spherical Legendre curve in R3(−3ε), parametrized by arc-length. If the center of
the sphere is an origin then from (10), we obtain
γ (s) = −m2V2 −m3V3, (26)
where V2 = φγ ′ and V3 = ξ . Using (24) and ( 3.9 ), we get
γ ′(s) = 1
2
(y′e2 + x′e1) (27)
so we have
φγ ′ = 1
2
(εy′e1 + εx′e2).
If a = −m2 and b = −m3 then from (26) and (27), we obtain
γ (s) = a 1
2
(εy′e1 + εx′e2) + bξ = εay
′
2
e1 − εax
′
2
e2 + bξ.
By (18), we have
x(s)
∂
∂x
+ y(s) ∂
∂y
+ z(s) ∂
∂z
= εay′ ∂
∂x
− εax′ ∂
∂y
+ (2b + εayy′) ∂
∂z
and hence we get
x = εay′, (28)
y = −εax′, (29)
z = 2b + εayy′. (30)
Using (28) and (29), we can write
xx′ + yy′ = 0 (31)
and solving Eq. (31) we have
x2 + y2 = c2. (32)
If A = −A1 and B = −B1, then by (16) and (17) we can write
a = −m2 =
{
A cos s +B sin s, for ε = 1,
A cosh s +B sinh s, for ε = −1. (33)
From (24) and (33), we get
a′ = b and b′ = −εa. (34)
So, using (30) and (34), we obtain
z′ = −2εa + εa′yy′ + εa(y′)2 + εayy′′. (35)
By (25) and (28), we get
z′ = εa′yy′ + εayy′′. (36)
Ç. Camci et al. / J. Math. Anal. Appl. 342 (2008) 1151–1159 1159From (35) and (36), we have
−2εa + εa(y′)2 = 0
and
y = ±√2s + c0,
hence by (25) we obtain
x = ±√2εa. (37)
If ε = 1 then using (32), (33) and (37), we get
2(A cos s +B sin s)2 + (±√2s + c0)2 = c2. (38)
If ε = −1 then we have
2(A cosh s +B sinh s)2 + (±√2s + c0)2 = c2. (39)
There is no resulting parameter for the solution of Eq. (38) or (39). There are only some ideal points for the solution
of these equations. Consequently, there are no Legendre spherical curves in 3-dimensional Sasakian space R3(−3ε).
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